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Abstract

Requirements for generating remarkable sigmoidal time—course of aggregation are found in the nucleation-
dependent polymerization model by a numerical calculation method; i.e. there are optimum values of the kinetic
constants to afford prominent sigmoidal character by inducing slightly unfavorable nucleation. However, if the nucleus
formation is too unfavorable, sigmoidal character is again decreased. This result is in contrast to the generally
accepted idea that sigmoid is induced by thermodynamically unfavorable nucleation phase.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction nature is expected to contribute to the understand-
ing of the mechanism of amyloid fibril formation.

Spontaneous formation of fibrils with specific The so-called nucleation-dependent polymerization
B-sheet structuresamyloid fibrils) from soluble model has been generally used to analyze its
proteins is very important to understand fundamen- mechanism, which is composed of an initial nucle-
tal mechanisms of protein folding and conforma- ation phase and an elongatigextension phase
tional diseases such as the Alzheimer's diseaseas shown in Scheme [B]. It has been extensively
[1,2] and prion diseas¢3,4]. One of the typical  pelieved that the sigmoidal behavior is caused by
kinetic characteristics in amyloid fibril formation thermodynamically unfavorable nuclear formation
is a sigmoidal time—course curve with an initial anq fast elongatior{5,6]. In spite of extensive

lag time (or an induction perioll Studies on  cjtation of this well-known explanation, there have
sigmoidal nature are important, because this naturepaan ng definite evidences showing the validity of
reflects the degree of cooperation in the process s interpretation. In the nucleation-dependent

pf fibril formgtlon. Namely, the sigmoidal nature. polymerization model, lots of differential equations
is more prominent as the degree of cooperation is ! L
must be solved simultaneously to obtain time—

larger. Therefore, the analysis of the sigmoidal oo ) .
course curves of individual aggregation species.
*Tel.: +81-29-861-6124; fax:+81-29-861-6123. The most straightforward and correct way to solve
E-mail address: m.kodaka@aist.go.jpM. Kodaka). the differential equations is numerical calculations,
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Scheme 1.

because it is impossible to solve them in analytical d[M]

methods without approximation. “ar =k1[M]]([MA,1] M ])
In the present study, the true meaning of nucle- ! L (j=2—9) 2
ation-dependent polymerization mechanism is pur- B 2([ A= *1]) J==

sued. A notable finding is that there are optimal

values of the rate constants to give remarkable diM ]

sigmoidal character, which is different from the dr =kiMJMJ—kdM 1§~k }M JM 1p  (3)
conventionally accepted simple interpretation.

Though experimental evidences are not available, M,

CT : f
:Ee present co_nclu3|on is expecte_d to contrl_bute to =kp[M]J([M-_]J—[M,-]) (j
e interpretation of the cooperative behavior not
only in amyloid fibril formation but also in various =11 to N-1) (4)
aggregation systems.
d[M y]
2. Calculation o RelMaliMy -] (5)

In the nucleation-dependent polymerization L , .
model shown in Scheme 1, the following differ- where [P] signifies the concerltratlon of fibrils
1 N_

ential equations Eqg1)—(5) hold, assuming that  from j=11 toN—1, viz., [Pl= Y [M].
the nucleus is 10-mer, the aggregate larger than j=11
10-mer is regarded as fibril, and the elongation The total concentration of the monomers incor-
proceeds up tav-mer. It has been confirmed that porated into fibrils is given by Eq.6).
the fundamental conclusion of the present study is
not influenced by the size of the nucleus. Egs. N
(1)—(5) were derived by considering the increas- [F1= Y JIMj]. (6)
ing rate of the concentration for the individual j=i
speciedM;] (j=1-N), : o ,
In the special case that is infinity, the following

diM ] differential equations Eqd.7)—(11) are obtained
e kamAl 2+ S M in view of the increasing rate of the concentration
dr i J][ M 122[ ]J for the individual speciegM,] (j=1-10, the

10 concentration of fibrild P] and the total concentra-
+k2(2[Mﬂ + Z[M,-]] tion of the monomers incorporated into fibrilg].
j=3 It is obvious that the increasing rate [d1] is given

— koM ||[M 1] —k [M {[P] D by Eq.(10), since it is equal to the increasing rate
of [M,,]. Furthermore, the increasing rate @]
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is shown by Eq(11), where the first term indicates
the binding rate of monomer to the fibrils and the
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k,=10 000, where the curves are found to be well
represented by a stretched exponential function

second term means the binding rate of monomer (Eq. (13)).

to M, to form M ,,.

dM,] 3
s —k]_[M]J[z[MJ] +jZZ[Mj]J
+ kz[Z[M ] +/§3WJ’])

— koM M 1 —k [M ][P] )
i, -

~ko(IM]=[M;0d]) (j=2-9) (8
d[jztm] — kMM —k M 1§~k MM 1) (9)
o g 10
% — kM [P+ Lk M M 1§ (1D

where[P] denotes the concentration of fibrils, viz.,
[P]=)" [M)].
j=11

In these calculations, the initial concentrations
are [M,],=100 (an arbitrary unit, [M;],=0 (j=
2-N), [P]o=0 and[F],=0. The differential Egs.
(1)—(5), (7)—(11) can be numerically solved by
using MATHEMATICA (version 3.0, Wolfram
Research, Ing.for various k,, k, and N values
underk,=1 (an arbitrary unit. Fraction of fibril
formation [f(%)] is thus obtained by Ed.12).

f=100F]/[M1]o=[F]. (12

3. Results
3.1. Relation between k, and n
Fig. 1a—c, respectively, show examples of time-

course fibril formation in infinite elongating phase
(N= ) for variousk, (1, 100 and 50D under

f=A{1—exp(—Br")}

(13

Here Fig. 1b gives higher sigmoidal character than
Fig. 1a and c. Since the parameteof Eq. (13)

is an appropriate index measuring the degree of
sigmoidal character, the dependencernobn k,
was investigated in detail as shown in Fig. 2.
When k, is 10 000 andVN is « (Fig. 23, the n
value is almost constar(t=1.4) in 0.01<k,<1,
which means that the degree of sigmoidal property
is not large in this region. The value increases
from 1.4 to 3.2 in Kk,<100 and then decrease
from 3.2 to 1.3 in 108k, <1000. The noteworthy
result is that there is the maximalvalue (3.2) at
k,=100. Obviously, this result does not agree with
the generally believed idea that thermodynamically
unfavorable nuclear formatiofviz. very largek,)

is a reason for generating sigmoidal curfésq.

As the N value is decreased frore to 200, the
maximumn value is also decreased and the cor-
respondingk, value is shifted to smaller side. A
similar tendency is observed whép is 1000 or
100 (Fig. 2b and ¢, while the maximal regions
almost disappear &t,=1 (Fig. 2e). The above-
mentioned phenomenon that the dependence of
on k, has a maximum can also be observed when
the nucleus size is changed to 5 and 30, where the
n value at the maximum position is increased as
the nucleus size is increased; iire=2.6 atk,=
500 (nucleus size=5), n=3.2 atk,=100(nucleus
size=10), n=>5.4 atk,=5 (nucleus size-30).

3.2. Relation between k, and n

Fig. 3a shows the relation betweépandn at
k,=100. For infiniteN, then value monotonously
increases withk,. For N=200 or 100, on the
contrary, then value tends to decrease with At
k,=10 (Fig. 3b), one can see the maximal regions
at approximatelyk,=30 whenN is «, 200 or
100. A similar tendency is observedigt=1 (Fig.
30), while the maximal values are lower. For=
20, then value is essentially independent ipf in
1<k,<100.
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Fig. 1. Time-course of fibril formation fok,=10 000 andV= «: (&) k,=1; (b) 100 and(c) 500. The data are fitted by stretched

exponential functions shown in the figures.
3.3. Relation between k, and t,,,
Eq. (14) is derived from Eq(13).

t12=(n2/B)*" (14
wherezr, ,, signifies the time achieving 50% yield
of fibril formation. Fig. 4 shows the relation
betweenk, andt,,, for 1<k,<10 000. A specially
noticeable point is that minimal points exist in the
region of 10< k, <100, which well corresponds to
the position where the maximalis observedFig.
2). Namely, the larger the parameters, the faster
the fibril formation proceeds. There is also a
tendency that ther;,, values at the maximum
points are decreasednamely, the aggregation
becomes fastg¢ras N is increased from 20 toe
and ask,, is increased from 1 to 10 000.

3.4. Time-course concentration of individual
species

To reveal the reason for generating sigmoidal
curves, the kinetic mechanism was analyzed in
more detail by observing the time—course concen-
tration of the individual specie§[M;]) and the
fibrils ([P]). Fig. 5a—d exhibit the changes in the
concentrations of monometM,), dimer (M,),
nucleus(M,,) and fibril (P) for variousk, values
(0.01, 1, 100 and 1000underk,=1000 andN=
. Whenk, is small(0.01) (Fig. 539, the concen-
tration of the monomeds; drops steeply to a very
low level (<2x10 ?), followed by the rapid
formation of M,. The nucleus(M,y) is formed
slowly and has the maximum when the time is
approximately 200. Concomitant with this, the
concentration of the elongating fibril®] increases
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Fig. 2. Relation betweeh, andn: k,=10 000 (a); 1000 (b); 100 (c); 10 (d) and 1(e); N= = (@), 200 (O), 100 (A) and 20
(D).
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Fig. 3. Relation betweeh, andn: k,=100 (a); 10 (b) and 1(c); N= = (@), 200(O), 100 (A) and 20(A).

to the constant leve{=1.7x102), followed by
the increase in fibril formatiof(%)]. A similar
tendency is observed &t =1 (Fig. 5b). At k,=
100 (Fig. 50, however, the kinetic mode is differ-
ent from those of smallek,. Firstly, [M,] does not
decrease so drastically as thatkat=0.01 and 1.
Actually, [M,] remains at approximately 40 in the
guasi-equilibrium(time <0.1). Secondly, the lag
time before the start of the nucle@,,) formation

is more clearly observed than those fgr=0.01
and 1, which results in more distinct sigmoidal
shapes of[P] and f at k,=100, leading to the
increase in then value (Fig. 29. When k, is
further increased to 100QFig. 5d), [M,] has the
quasi-equilibrium concentratidn= 80) higher than
the one(=40) for k,=100 (Fig. 50). It should be

emphasized that fundamental difference exists in
the time—course ofM,o] between these two sys-
tems. Namely, ak,=1000 the nucleugM,y) is
quickly formed in an early stage and then
decreased slowly, which makes the sigmoidal char-
acteristics of[P] and f less clear(n=1.3) than
those atk,=100 (n=3.2).

3.5. Contour map of n

It is instructive to make a contour mdpig. 6)
to show the dependency ofon k, andk,. Notably,
there are special regions that afford largealues
at approximately,=100 andk,=10 000 forN=
% (Fig. 6a), at approximately,=k,=10 for N=
200 or 100(Fig. 6b and ¢ and atk,<1 andk,<
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Fig. 5. Time-course concentrations of some typical specieg,ferl000 andN= x: (a) 10 [M,] (—), [MJ] (), 5X10% [M{
(+), 16°[P] (=), f (=+--); (b) [My] (—), [M7] (), 5X10* [Myd (--), BX1O07P] (-+-), f (-++--); (©) [M ] (—), [M] (--), 10°
Myq] (), 2X10°[P] (=), f (=+++-); (d) [M] (=), [M] (--), 5X 10" [M 4 (---), 109P] (=), f (----).

10 for N=20 (Fig. 6d). This means that as/ andk,=100(e), whosek,[M,]/k,values are close
decreases frome to 20 the maximum area is to 0.5 in the quasi-equilibrium state. The other
moved from largek, andk, values toward smaller  cases(a), (b), (¢), (f) and(g) with k,[M,]/k, far

ones. from these values, however, do not give large
sigmoid. Consequently, it seems very likely that

3.6. Time-course of k;[M,]/k, change k,[M,]/k, dominates the degree of sigmoidal
character.

The ratio of k,[M,] and k, is a noteworthy
parameter, since this represents the equilibrium 4. Discussion
constant between the successive species in the
nucleation phase. Fig. 7 illustrates the time—course A stretched exponential functioiieg. (13)) has
change ofk,[M]/k, for various k, values under  been used in various other systems such as the
k,=1000 andV= =, and Fig. 8 shows the relation ~Avrami’s approach in crystallizatioh7] and the
betweenk,[M,]/k, at quasi-equilibrium state and time-to-tumor model in occurrence of candéi.
k,. As already shown in Fig. 2, striking sigmoidal It is generally known that a stretched exponential
character is observed in the caseskgf50 (d) function describes a relaxation system in which
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individual components are not independent and ponents are independent, on the other hand, the

interact with each othdl9]. Actually, in the nucle-  relaxation process can be described by a simple

ation-dependent polymerization model, the aggre- exponential functior(i.e. the case ofi=1 in Eq.

gation proceeds in the form of cooperative (13)). Phenomenally, the parameterobviously

sequential associations. When the individual com- reflects the cooperativity of aggregation, though it
is not easy to show the physical meaningnof

2
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Fig. 7. Time—course change of the raki¢M]/k for k ,= 1000
andN=«: k,=0.01(a); 1 (b); 10 (c); 50 (d); 100 (e); 500 Fig. 8. Relation betweeh,[M,]/k, and k, for k,=1000 and
(f) and 1000(g). The arrows show the positions of quasi- N=«. The arrow indicates the region giving the large
equilibrium states. values.
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The finding that there are the optimuka and nucleation phase is quite unfavorable thermody-
k, values generating the large values is not  namically, sigmoid almost disappears. Namely,
compatible with the conventionally accepted inter- prominent sigmoidal time—course appears when
pretation in the nucleation-dependent polymeriza- k, is larger thank,[M,] in some degree, where
tion model. The conventional idea insists that the [M,] is the quasi-equilibrium concentration. This
driving force to induce sigmoidal shapes is very is a noticeable new result, because unfavorable
large k, and k, values; namely, the equilibrium nucleation due to largg, is generally believed to
should lie so far to the dissociation in the nuclea- be the reason for sigmoidal curves. However, since
tion step and it should lie so far to the association quasi-equilibrium stat¢M,] is dependent ok, as
in the elongation stefpb,6]. However, the present shown in Fig. 5, it is not easy to obtain an
study has clearly revealed that the situation is not analytical direct relation between andk, neces-
so simple as generally believed thus far. Actually, sary for inducing prominent sigmoidal time—
the sigmoidal character becomes small whkelis course.
too large. The effect ok, is clearly shown in Fig.

5, where drastic change occurs betwdggr 100 5. Conclusions

(Fig. 50 andk,=1000(Fig. 5d). At k,=100, the

intermediate species emerge successively; i.e. the The following two conditions are necessary to
time (¢) providing the maximal concentration is in  obtain a remarkable sigmoidal curve in the nucle-
the order oft(M,) <--- <t(M,o). In contrast to this,  ation-dependent polymerization model.

at k,=1000 the concentrations of all the interme-
diates (M,—M,y) show the peaks almost at the
same time. This marked difference in the genera-
tion of the nucleus(M,,) can account for the
dependence of the time—course formation[B]f
(the concentration of the fibpilon k,. Since the
change in[M,] is not so large during the quasi-
equilibrium, the slope of théP] curve is almost
proportional to[M,o] in view of Eg. (10). There-
fore, the maximum slope of thfP] curve corre-
sponds to the peak of thBM,o] curve. At k,=
100, the peak ofM,g emerges after the smaller References
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